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ABSTRACT
Let G be a group that is given by a free presentation G = F/R, and let
~s R denote the fourth term of the lower central series of R. We show that
if G has no elements of order 2, then the torsion subgroup of the free
central extension F/[v4R, F] can be identified with the homology group
Hg(G,Z/2Z). This is a consequence of our main result which refers to the
homology of G' with coefficients in Lie powers of relation modules.

1. Introduction

For an (additively written) free abelian group A, let LA denote the free Lie ring
on A. Thus if A is a free Z-basis of A, LA is the free Lie ring on the set A, and
the Z-span of A in LA can be identified with A. The nth free Lie power L™ A of
A is the Z-span of all left-normed Lie products [a1,a3,...,a,] (a1,...,8, € A)
in LA. Let G be a group and suppose that the free abelian group A is a right G-
module. Then the G-action on A extends uniquely to a G-action on LA turning
the Lie powers L™ A into G-modules (for g € G,[a1,...,as]g = [a19,...,arg]).
Now suppose that G is given by a free presentation.

(1.1) 15R-F-5G—1,

where F is a non-cyclic free group, and let Ry, = R/R' denote the relation
module stemming from (1.1). Thus R,y is the abelianized normal subgroup R
regarded as a right G-module via conjugation in F'. The homology H,.(G, L"R,p)
of G with coeflicients in the Lie power L"R,p, (n > 2) has been studied in [12],
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[4]. This work was mainly motivated by the group theoretic relevance of the zero
dimensional homology group Ho(G, L™ R,p). Let v, R denote the nth term of the

lower central series of R. Then there is an isomorphism
(12) HO(G1 L”Rlb) = 7nR/[7ﬂR7 F]a

which enables us to interpret results on homology of Lie powers in purely group
theoretic terms. The quotient on the right hand side of (1.2) is the kernel of the

free central extension
(1.3) 1= 93 R/[yuR,F] = F/[yaR,F] = F/vaR — 1.

While F/v,R is always torsion-free, elements of finite order may occur in the
kernel of (1.3), even when G = F/R is torsion-free. This was first discovered by
C.K. Gupta [2] for the special case when n = 2 and R = F'. Since then, torsion
in the free central extension (1.3) has been studied in a number of papers. We
mention the pioneering work of Yu. V. Kuz’min [7], [8] on the case n = 2, and
refer to [10], [3] for a detailed survey of these matters.

It is known that for k¥ > 1 the homology group Hi(G,L"R,b) are periodic
groups of finite exponent and that Ho(G,L™R,.,) decomposes into the direct
sum of a free abelian group and a periodic group of finite exponent. Moreover,
the relevant exponents divide n if n > 3, and 4 for n = 2 [12]. Much more can
be said in case when n = p,p a prime. It was proved in [4, Corollary 8.3] that if

G has no elements of order p, then there are isomorphisms
(1.5) Hk(G, LPR,,b) & Hk+4(G, Zp) (k > 1)

where Z, = Z/pZ regarded as a trivial G-module, and for tHo(G, L? Rap ), the
torsion subgroup of Ho(G, LP R,p), we have

(1.5) tHo(G, L? Ryv) = Hy(G, Z,).

In particular, the torsion subgroup of F/[y,R,F] can be identified with the
homology group H4(G,Z,). The isomorphisms (1.4) and (1.5) are, in fact, a
special case of a more general result, namely, a long exact sequence involving
Hi(G, L? R,),) and tHy(G, L? Rap) among other things. This long exact sequence

[4, Theorem 8.1] was obtained for arbitrary G. In case when G has no p-torsion,
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some of its members vanish, and we are left with the isomorphisms (1.4) and
(1.5). The isomorphism (1.5) has earlier been established in [10].

While (1.4) and (1.5) give a precise description of the torsion in H,(G, L™ R,p)
(and F/[ynR, F)) in case when n is a prime p and G has no p-torsion, not much
was known in the case when the degree n is a composite number. In particular,
it was not known if non-trivial elements of finite order occur at all in (1.3). In
this paper we study the case n = 4. Our main result reads as follows.

THEOREM 6.3: Let G be a group given by a free presentation (1.1). If G has no

elements of order 2, then
Hi(G,L*Ru) & Hiy6(G, Z2)

for all k > 1, and
tHo(G, L*Rap) & He(G, Zo).

In view of (1.2) this gives:

COROLLARY: If G = F/R has no 2-torsion, then the torsion subgroup of the
quotient F/[y4R, F] is isomorphic to He(G,Z2).

In particular, for R = F' we get that
F/[F',F',F',F',F),

the free centre-by-(nilpotent of class 3)-by-abelian group, is torsion-free if d =
rank F < 5, and that it contains an elementary abelian 2-group of rank (g
when d > 6. Also, we see that the absence of involutions in G implies that all
non-trivial torsion elements in H,(G,L*R,;) have order 2. Hence, the above
mentioned bound n for the exponent of tH,(G, L"R,p) (n 2> 3) is not optimal in
this case. The problem of whether elements of order 4 may occur in H.(G, L* Rap)
when G has 2-torsion remains open.

It is interesting to compare Theorem 6.3 with similar results on other polylinear
powers of relation modules. For, let T" Rap, A" Rab, M™ R, denote the nth tensor
power, the nth exterior power, and the nth free metabelian Lie power of R,p,
respectively. Then we have for k¥ > 1 under certain conditions on G, which are

given below,

(1.6) H“G,T‘R;b) & HiysG,
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(1L7)  Hi(G,A*Rab) & Hi18(G, Z3) ® Hr41(G,23) ® Hir6(G, Z3),

(18) Hk(G, M‘Rab) & Hk+7(G, Zg) [4)) Hk+e(G, Z4) (4] Hk+4(G, Zg)

The isomorphism (1.6) is an easy consequence of MacLane’s cup product reduc-
tion theorem and does not require any conditions on G. The isomorphism (1.7)
was established in [5] under the condition that G has no elements of order 2
and 3, and (1.8) was obtained in [11] for 2-torsion-free G. There are similar
results for k = 0. Since for prime degree p and G without p-torsion one has
Hi(G,MPR.,) 2 Hy(G,L?Rop,) & Hy14(G,Zy), k > 1 (see [3]), the difference in
the homological behaviour of M4R,;, and L*R,;, appears quite surprising. Fi-
nally, we mention that a complete description of the torsion in Hy(G, A" Ray,) for
arbitrary k > 0,n > 2 and G without n(n — 1)-torsion has recently been given in
[6). It would be desirable to have a similarly complete result for H,(G, L" R.p).
This paper is meant as a first step to tackle this problem for non-prime degree n.

The paper is organized as follows. Notation and some preliminary notions are
introduced in Section 2. The 4th Lie power L*B of a G-module B, which is
an extension of a Z-free G-module A by a Z-free G-module C, is examined in
Sections 3-5. In particular, in Section 5 we discuss a homomorphism

L*B - (C®B)A(C®B),

which plays a key role in the whole approach. Finally, in Section 6, we exploit the
discussion in the previous sections to examine the homology of G with coefficients
in the fourth Lie power of the augmentation ideal IG of ZG and the relation
module R,p. It turns out that Hx(G, L*IG) is trivial for k > 1 and 2-torsion-free
G (Theorem 6.2), and this is one of the ingredients of the proof of our main result
on H,(G,L*Ra).

2. Preliminaries

In this section we introduce some notation and record some preliminary facts for

further reference.

2.1. LIE POWERS. As in Section 1, for a Z-free right G-module A, LA denotes
the free Lie ring on A and L"A denotes the nth Lie power of A. The latter
will be regarded as a G-module with diagonal action. Let A be a free Z-basis
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of A and assume that A is totally ordered. Then Hall’s basic commutators can
be defined in the usual way, and the basic commutators of weight n form a free
Z-basis of L™ A (see, e.g., [9, Chapter 5]). In particular, L*4 is as a Z-module
freely generated by the basic commutators

(2.1) [u1, ug, us, ug], u > ug < ug < uy,

(2.2) (w1, ue), [us, ua)], w1 > uz, us > ug, [ug,uz] > [us,uy

(u1,ug,us,us € A). Let Ay, Ay, A3, Ay be subsets of A. By [A1, Az, A3, A4]
we denote the set of all basic commutators (2.1) with u; € A; (¢ = 1,...,4),
and by [[A;, Az2], [A4s, A4]] we denote the set of all basic commutators (2.2) with
u; € A; (i=1,...,4). For example, if A = A'U A" (disjoint union) and v’ < u"
for all u' € A’ and u" € A", we have

Hogtoqlogn R N R N R R B TR woor ot
(A" AL AL AT = {[u), vy, vy, up)ug,u5 € A uf,up € A7) u Sugl

Here the conditions u} > u}, u} < uj are automatically fulfilled. Also, we have
[[A',A"],[A’, A']] = 0 since there is no basic commutator (2.2) with u; € A,
Uz € A,

Finally, for arbitrary submodules A;, A;, Az, As of A we denote the sub-
module of L*A generated by all left normed commutators [a1, az, a3, as] with

a; € A; (7' = 1,"' 14) by [AI,AZaAIhAd'

2.2. TENSOR, EXTERIOR AND SYMMETRIC POWERS. For A as above, let T"A

denote the nth tensor power
T"A=AQ:---®A (n times),
T°A = Z, and by T A we denote the tensor ring over A. Thus

TA= é T"A.

n=0

The tensor power T" A will also be regarded as a G-module with diagonal action.
It is well-known that TA may be identified with the universal envelope of LA.
The restriction of the canonical embedding LA — T A to L™ A gives an embedding

va: L"A - T"A.
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The tensor power T" A may also be regarded as a module for S, the symmetric
group of degree n, by setting

(a1 (8)...®a,,)‘r'1 =a1:®...Qanr (61,...,an € A, 7 € Sp).
We need a special element in the group ring ZS,,. Let @; =1 and, for n > 1, let
Qn=(1-(1,2))(1-(1,2,3))---(1-(1,2,...,n)) € ZS,.

The element 2, has the useful property

(2.3) 22 =nQ.

Also, a simple induction shows that for a,...,a, € A one has

(2.4) [a1,.- s @alvn =(a1 ® - @ an)Qy.

Since the left normed commutators of degree n generate L™ A, the embedding vy,
is completely determined by (2.4). In particular, for n = 4, a,b,¢,d € A, we have

[a,b,e,djvn =a @R c®d-bR®aR@c®d—c®a®@bR®d+cRbR®a®d
—d®a®b®c+db®a®c+d®cRa®b-d®cRb®a.
We also have the projection pn: T"A — L™A given by (a1 @ ... @ an)pn =

[@1,...,a,). The embedding v, and the projection p, are related by Wever’s
formula [9, Chapter 5]

(2.5) UnPn =1,

i.e. the composite of v, and p, amounts to multiplication by n in L®A. It is well
known that the elements

ulul.l ® u2V:'3 ® e ® “ml’im,

where u; € L;; A are basic commutators such that u; < uz < -+ € uy, and
i1 +1i2 +++- + iy = n, form a free Z-basis of T" A [9, Chapter 5]. In particular,
the elements

u; ® uz, vy,
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where uy,us € A with u; < u;, and v runs over the set of all basic commutators
of weight 2, form a free Z-basis of T?A = A ® A, and the elements

u; @ uz ® u3, u @ vrp,wus,

where u,u;, u2,u3 € A, u; < uz < u3, and v and w run over the sets of all basic
commutators of weight 2 and 3, respectively, form a free Z-basis of T3 A.

Finally, by A®A and S™ A we denote the nth exterior and symmetric powers of
A. The exterior and symmetric tensors are written as a; A---Aay, and a;0---0ay,
respectively. For n = 2 we also use the notation A24 = A A A for the exterior
square, and S?4 = A o A for the symmetric square. Note that L2A & A A A.
Both A™A an S™A will be regarded as G-modules with diagonal action.

2.3 THE RELATION AND AUGMENTATION SEQUENCES. Let G be a group, ZG
the integral group ring of G. The augmentation ideal, that is the kernel of the
augmentation map ZG — Z, will be denoted by IG. Thus we have a short exact
sequence

0-IG-ZG—-Z -0

which will be referred to as the augmentation sequence. Now suppose that G is
given by a free presentation (1.1), let X. be a free generating set for F, and let
Ray, be the corresponding relation module. Then there is a short exact sequence

0— Ryp P IG—0

where P is a free G-module with free generators e; (z € X) and the epimorphism
o is determined by e, — (27 — 1); see, e.g., [1, Chapter 2]. This short exact
sequence is usually called the relation sequence stemming from (1.1).

2.4 HoMOLOGY. Our terminology and notation concerning homology of groups
is standard and in line with [1]. For further reference we record some results on
the homology of certain G-modules. Let D be a Z-free G-module, and consider

the commutative diagram

D®T"Ry, ——DQ® T"-lRab QP

=

D ® LnRab



72 R. STOHR Isr. J. Math.

where the vertical homomorphism is 1 ® v,: D ® L™R,, = D @ T™R,), and the
horizontal homomorphism is

1®1®"‘®1®ﬂ:D®R&b®"'®R3b®Rab—'D®Rab®"'®Rab®P

(¢ is the embedding from the relation sequence). Similarly, using the inclusion

map IG — ZG, we obtain a commutative diagram

DQT"IG——+ DT 'IGRZG

@0 7

D@ L"IG
Note that D @ T" 'R, ® P and D@ T"1IG ® ZG are free G-modules.
LEMMA 2.1:
(i) For any Z-free G-module D and n > 3, H,(G,D @ L™R,p), k > 1, and the
kernel of the homomorphism

Ho(G,D ® L"Ruy) — Ho(G, D ® T" 'Ry, ® P)

induced by the diagonal homomorphism in (2.6) are periodic groups of
exponent dividing n.

(if) For any Z-free G-module D and n > 3, Hy(G,D ® L"IG), k > 1, and the
kernel of the homomorphism

Ho(G,D ® L*IG) — Hyo(G,D @ T"'IG ® ZG)
induced by the diagonal homomorphism in (2.7) are periodic groups of

exponent dividing n?.
(i) If G has no elements of order 2, then

Hi(G,(IG® IG) A (IG ® IG) = Hyy4(G, Zs)

for all k > 1.
(iv) If G has no elements of order 2 and A is a free G-module, then L*A and
A A A are free G-modules as well.

Proof: For the proof of (i) we refer to [12], Theorem 4.1 and Lemma 4.1. To
prove (ii), we apply the homology functor to (2.7):
Hi(G,D @ T*"IG) — Hi(G,D @ T*'IG ® ZG)

(2.8) I /

Hi(G,D ® L"IG)
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The S,-action on T"IG induces an Sy-action on Hy(G,D ® T"IG). By [4,
Lemma 5.3], the action of a permutation 7 € S, on the kernel of the horizontal
homomorphism in (2.8) amounts to multiplication by its sign. In particular,
this kernel is annihilated by Q, € ZS,. On the other hand, in view of (2.3)
and (2.4), 0, acts as multiplication by n on the image of Hi(G,D ® L"IG) in
Hi(G,D @ T"IG). Now let a € Hi{G,D ® L"IG) be an element of the kernel
of the diagonal in (2.8). Then aHi(1 ® v,) is in the kernel of the horizontal
homomorphism. Consider the element aHi(1® v, )2 Hi(1® pn). Then we have,
on the one hand,

aH;y(1Qvn)nHi(1® pn) =0
as aHi(1 ® v,) is annihilated by Q.. On the other hand, we have, using the

above remark and (2.5),
aHi(1 ® va)QnHi(1 ® pn) = naHi(1l @ vppn) = nla.

Consequently, the kernel of the diagonal in (2.8) is annihilated by n?, and (ii)
follows on noting that Hx(G,D @ T" ' IG ® ZG) = 0 for k > 1 as the coefficient
module is free.

To show (iii), we note that the tensor square IG @ IG may be viewed as
a relation module. Indeed, let F be the free group on {z,;¢ € G\{1}}, and
consider the presentation of G determined by z, — g. Then it is easily seen that
the free module P from the relation sequence is isomorphic to IG ® ZG, and the
relation sequence takes the shape

00 IGRIG—-IGRZG - IG - 0,

that is, the augmentation sequence tensored over Z on the left with JG. Hence

IG ® IG is isomorphic to a relation module, and now (jii) follows by (1.4).
Finally, for a proof of (iv) we refer to [10, Theorem 3.11). [ |

3. A filtration for the fourth Lie power of a module extension

Let G be a group, and let
(3.1) 0-4-BLiCco0

be a short exact sequence of Z-free G-modules, that is G-modules whose under-

lying abelian groups are free Z-modules. We will identify A with its image in B.
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Let A and C' be free Z-bases of A and C, respectively. Then B has a free Z-basis
B = AUC (disjoint union}), where C = {v; v = v’, v' € C'}. Assume A and C
totally ordered and suppose that these orderings are extended to a total ordering
of B by setting u < v for all u € A4, v € C. Let £ denote the set of all basic com-
mutators of weight 4 defined over B. Thus £ is a free Z-basis of L* B. In general,
the ordering of the basic commutators of weight n > 2 may be chosen arbitrarily.
In this paper, however, we will assume that the basic commutators of weight 2
are ordered in such a way that [u;,u;] < [v,u] < [v1,v,] for all u,u;,us € A and

v,v1,V2 € C. Then the set £ decomposes into the disjoint union
L=LULU-- ULy,

where

Ly =1[C,C,cclulc,alccl,

Ly =1[C,AC,(C],

L2 =[[C,C],[C, Al],

Ly =[[C, Al [C, A]l,

Ly=[C,A AL,

Ls =[A, A,C,C],

Le =([C,C], [A, AL,

L =[C, A A, A,

Ls = [[C, A],[A, A,

Lo =1A A4 AC],

Lo = [A,A A Al U[[4, A],[4, A]).

Hence L*B decomposes into the Z-direct sum
L*B=Ly+Li+--+ Lo,

where L (0 < k < 10) denotes the Z-span of £} in L*B.
Now let
Vi=Lg+ Lipad--+ Lo (0<k<10).

It is easily seen that the Vj 's are G-submodules of L* B. Thus we have got a
G-module filtration

(3.2) *B=V 2V 2V;2---2 Vo
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of L*B with free abelian quotients. Modulo Vj, the set £;—; forms a free Z-basis
of Vi_1/Vi(k = 1,...,10). Clearly, Vip may be identified with the image of L*A
in L*B under the canonical embedding L*A — L*B induced by the inclusion
map A — B. About the quotients of the filtration (3.2) we can say the following,.

PROPOSITION 2.1: There are G-module isomorphisms

i) Vo/W = IAC, (vi) Vs/Ve=2(AAA)®(Co0),
(ii)) N/, =2(CRAR®(Col), (vii) Ve/Va=(CAC)®(AAA),
(i) Va/Vz=(CAC)RCQ®A, (vii) V3/Va 2 C® 54,

(iv) WB/Vi=(CQA)A(C®A), (ix) V/Va2CQRAQ(AAA),

(v) Va/Vs=2CQ®(A0A)R®C, (x) Vo/Vie=L3AQC.

Proof: Let aj,az,a3,a4 € A, c1,¢3,¢3,¢4 € C, and let by, by, b3, by € B such that
bif = ¢i (1 < i < 4). The isomorphisms (i)-(x) are determined by the following

maps;:

) [e1,¢2,¢3,¢4] = [b1, b2, b3, b4] + W1,

(ii) c1 @ a; ® (c2 0 ¢c3) — [b1,a1,b2,b3] + V3,

(iii) (e1Ac3) @ e3 @ a1 — [[bs, b2), [bs, a1]] + V5,
(iv) (c1 ® a1) A (c2 ® az) — [[by, a1], [b2, az]] + Vi,
(v) ¢1 ® (a1 0a2) ® ¢z = [by,a1,a2,b7] + V5,

(vi) (a1 A a2) ® (1 0¢2) — [a1,a2,¢1,¢2] + Vi,
(vii) (c1 Acz) ® (a1 Aaz) = [[by, b2, [a1, a2]] + V7,
(viii) ¢1 ® (a1 0 az 0 ag) — [b1,a1,a2,a3] + Vs,

(ix) c1 ® a; @ (a2 A az) — [[b1, a1], [a2, a3]] + Vs,
(%) [a1,a2,a3] ® ¢; — [a;,0a2,a3,b1] + Vio.

It is easy to check that these maps are correctly defined and that they define
indeed G-isomorphisms. We give a proof for (vi), and leave the rest to the
reader. To verify (vi), note that the map

a1 ®a ® a®c — [alaaZybl7b2] +V'5
defines a homomorphism

(3.3) ABRAQRCQC — Vs/Vs.
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First of all, the map is correctly defined as if 5] and b} are elements of B with
b8 = ¢, and by = c3, then by = b} + a’ and by = b} + a” for some a’,a" € A.
Hence
[alya2a bla b2] = [ala az, bll + ala b,2 + a’"]
= [al,a%bll’blzl + [al’aha'ab,z] + [al’a2’bll7a"] + [al,a?va'aa”]
= [a1, az, by, by] mod Vg
as (a1,az,0a',by) € Vp,[a1,az2,b),a"] € V7 and [a),az,4},0"] € Vip. This shows
that our map does not depend on the particular choice of the b’s as inverse images

of the ¢’s under the epimorphism 8. Using the anticommutativity law and the

Jacobi identity we have

[al,az,bl,bgl = —[az,al,b],bgl

[al s A2, bl) b2] = [a'17 az, b21 bl] - [[bh b?]a [a'l’ (12]]
= [a1, a2, b2, b1) mod Vg
as [[b1,b2],[a1,a2]] € Ve. Hence the homomorphism (3.3) factors through
(AA A) ® (C o C) giving a G-homomorphism
(3.4) (ANA)®(CoC)— Vi/Vs.

Now (AAA)®(CoC) has a free Z-basis consisting of all elements (u1 Auz)®(v}ov3)
where uy,uz € A, u; > ug, v},vh € C', v} < v}, and it remains to note that the
G-homomorphism (3.4) maps this basis one-to-one onto L5 + Vs, a free Z-basis
of V5/Vs. Hence (3.4) is bijective and therefore an isomorphism.

4. Sections and submodules of L‘B

Let B as in Section 3, and consider the submodules {4, A, A, B] and [B, 4, A, B] of

L*B. 1t is easily seen that these submodules coincide with V5 and V4, respectively:
[4,A,A,B]=V,, [B,A,ABl=V,
Now consider the homomorphism

(4.1) L'B-C®B®BQ®C
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defined as the composite of
vy: [*'B—-B®B®BQ®B
and
fR1®193:BB®BRB-CRB®BRC.
Hence for by, b2, b3,b4 € B we have

[b1,b2,b3,b5) = 518 @ b2 @ b3 @by — b2 @ b1 @ b3 @ byf — - - -

Clearly, if a;,a; € A = ket 3, then the homomorphism (4.1) maps the left normed
commutator [b1,a1,az,b2] € [B,A,A,B] to b8 ® a1 ® a2 ® b23. Hence the
restriction of (4.1) to [B, A, A, B] maps this submodule onto CQ AQAR®C C
C ® B® B ® C. Consequently, the map

[b1,a1,a2,b2] = 1/ ® a1 @ a2 ® bz
defines a G-homomorphism

¥: [B,A,A,B] - CQARARC.

LEMMA 4.2: Kery = V5.

Proof: One has clearly V7 C ker 3. The inverse inclusion will be proved once we
show that ¢ induces an isomorphism V3 /V; — CQ A® A ® C. But this is the
case since 1 maps £4 U L5 U Lg one-to-one onto a free Z-basis of CQARAQC.
Indeed, for vy,v2 € C,u1,uz € A, and the basis elements of £4,L5 and Cs,

respectively, we have

(4.3) [v1,u1,u2, V29 = v] @ u1 @ uz @ vy,

(w1, u2,v1,v2]t = (—[v1, u1, uz, v2] + [v1,uz,u1, v2) )Y
(4.4) =—v] Qu1 Quz Q@ vy +v; @uz @u; @ vy

= —U; ® [ul’ u2]"2 ® v;’

[[v1, v2], [ua, ua]lYp =([v1, w1, ug,v2] — [v1,u2,u1,v2]
— [va, w1, u2,v1] + [v2, uz, ug, 1] )9
(4.5) =} QU1 @ uz ® vy — vy Quz @ ug ® v}
v @uU @uz ®v] — vy Quy ®uzs Qv

=v} @ [u1,u2)va ® vy — vy ® [u1, uz)vs @ vi,
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where in (4.3) we have u; < uj with arbitrary v, v2 € C, in (4.4) we have u; > us
and v; < vy, and in (4.5) we have v; > v; and u; > u2. It remains to note the
elements (4.3), (4.4) and (4.5) form indeed a free Z-basis of CQ AQ AQC. |

Now let aj,a2 € A, ¢; € C, by € B such that b;8 = ¢;, and let b, € B. We
claim that the map

c1®a @a; ®by — [by,a1,02,02] + Vo
defines a G-homomorphism
0:CQRAQRAQ®B -V, /V,.

Indeed, we only need to check that the map is correctly defined. But this is clear
since if b] € B is another inverse image of ¢; under g, then b, = b} + a' for some
a €A, so
[blaalaa27b2] = [bll + a,’al)a2ab2]
= [bllval’GQ’ b?] + [alval7a2a b2]
= [b'lialya27 b2] mOd%

as [a',a1,a3,b5] € Vo. Let O denote the restriction of 8 to the submodule
CRAQAQRQACC®AQ®RA®B,ie. for c € C and ay,az2,a3 € A we have
(c®a1 ®a2® a;;)é = [b,a1,0a2,a3] + Vo where b € B with b8 = c. Now return
to the homomorphism . Since V3 C kert, ¢ factors through V4/V, ie. it
determines a homomorphism ¥: V3/Vy -+ C ® A® A® C. It is readily seen that
(4.6)

0

Vil Ve Va/Vo — Y+ CQARARC — 0

6 I H

0—+CRARAQA——CQAQRARB 2+ CRARARC ——0

with A=1®1®1Q® g is a commutative diagram with exact rows.

LEMMA 4.2: There is an exact sequence

0—CRLA 2. CRARAQ A ViV, 0.

Proof: For ay,a3,a3,¢,b as above we get, by using the definitions of v3 and 4,
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as well as the Jacobi identity and the anticommutativity law,

(c®a; Qaz ®a3)(1Qvs)f
= [b, a1, az,as] — [b,a2,a1,a3] — [b,as3,a1,a2] + [b, a3, a2,a1] + Vs
= —[ay, a3,b,a3] — [[b, a3}, [a1, a2]] + Vo
= —[a1,02,03,8] + Vo
=0+Vg

as [a;,az,03,b] € V5. Hence the image of 1 ® v is in the kernel of . On the
other hand, C ® A ® A ® A has a free Z-basis consisting of all elements

4.7 v' @ u; @ uz ® us, uy < uz < us,
(48) v ® [‘U.Z, U3], Uz > us,
(49) vl ® [ul’u2’u3]v3, uy > ug S us,

where v' € ', uq,uz,us € A (see Section 2). The elements (4.9) are a free Z-basis
of the image of 1 ® v3. For the elements (4.7) and (4.8) we have

(v' ® u1 ® uz @ uz)d = [v,u,uz,us] + Vh,
(vl Qu1 ® [u21u3]"2)é = [vaul’u2’u3] - [v’ulau31u2] + V9

= [[v1, w1], [uz, us]] + Va.

Hence § maps the elements (4.7) one-to-one onto L7 + Vp, and the elements (4.8)
one-to-one onto Lg + V3. Therefore, Kerf = Im(1 ® v3), and this completes the

proof of the lemma. 1
In view of the commutative diagram (4.6), we can now state the following.

COROLLARY 4.3: There is a short exact sequence
0-CQL*A-CRARAQ®B -V, /Vo—0

of G-modules.
We conclude this section with

LEMMA 4.4: The map

c1®a®cy;Qc3 — [blga,b2ab3]+v3a
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where a € A, ¢1,c3,¢3 € C and by, by,b3 € B such that b8 = ¢; (i = 1,2,3),
determines an isomorphism C@ AQC®C — V1 /V;.

Proof: 1t is easily checked that the above map is correctly defined, thus giving
a G-homomorphism C® AQ C ® C — V;/V;. The tensor product CR AQCQ®C
has a Z-basis consisting of all elements

! ’ [ ! ! ! ! ! !
vViQuU,®vy, u€ A, vj,vyv3€C and vy <y
and v} @uQ [vy,v3)ve, u€ A, vj,vyv3€C and vy > ;.

To show that our homomorphism is bijective, it remains to note that it maps this
free Z-basis one-to-one onto (£; U £3) + V3. Indeed

1 U ’
vl ®u®v2®v3 3 [vl,u)v2)v3]+‘,3
and
! ! ! ! ! ! ! ! !
1 Qu® vVl =11 UV Qs — v QuBv; B vy

is mapped to

[v1,u,v2,v3] = [v1,u,v3,02] + V3 = [[vg, 03], [v1,u]] + V3. N

5. The homomorphism L*B — (C ® B) A(C ® B)

In this section we define and examine a homomorphism mapping the fourth Lie
power L* B into the exterior square (C® B)A(C® B). We start with an embedding
of the fourth Lie power into the exterior square of a tensor square.

Let A be a Z-free G-module, and consider L*A. Let 4: L*A — (A ® A) A
(A ® A) be the composite of the embedding v4: L*A — T*A, the automorphism
(1,2): T*A — T* A determined by the action of the transposition (1,2) € Sy, i.e.
for a,b,c,d € A we have (a® b@ c® d)(1,2) = b® a ® c® d, and the canonical
epimorphism T#*4 — (A® A)A(AQ A) given by a®@b®c®d — (¢ ®b) A (c® d).

An easy calculation shows that

[a,0,c,d]y=2(b®a)A (c®d)—2(a®@b) A(c®d)
—2a®@c)A(b®d)+2(b@c)A(a®d).

Hence the map

[a,b,¢,d] = (b@a)A(c®d)—(a@D)A(c®d)—(a®c)A (bR d)+ (b®c)A(a®d)
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defines a G-homomorphism
v:L*A— (AR A)A(A® A).

LEMMA 5.1: The homomorphism v is an embedding,

Proof: Let §: (A®@ A)A(A® A) — L*A be the composite of the homomorphism
(AR A)A(AQ A) — T*A defined by (a®b)A(c®d) — a@bR®c®d—c®dRa®b, the
automorphism (1,2): T*A — T*A, and the canonical projection p4: T*A — L*A.
A straightforward calculation using Wever’s formula (2.5) with n = 4 shows that
the composite of 4 and § amounts to multiplication by 4 in L*A: v§ = 4. Since
L*A is free abelian, 74 is injective. Consequently, v is an embedding, |

Now let B be as in Sections 3 and 4, and let
¢: L*B— (C®B)A(C® B)
denote the composite of v: L* B — (B ® B) A (B ® B) and the epimorphism
(B®1)A(B®1):(B®B)A(B®B)—~(C®B)A(C®B).
Hence for a,b,c,d € B we have

[a,b,¢,dlp = (b8 ®a) A (cf @ d)—(aBf ®b)A(cB®d)
—(aB®c)AN(BBRd)+ (b8 ®c) A (af ® d).
LEMMA 5.2:

(l) Kerp = [B7A7A’B]
(i) Cokerp & (C Q@ C)A(C® C)/(L*C)y.

Proof: One has clearly from the definition that [B, A, A, B] = Vj is contained in
the kernel of ¢. To prove the lemma it is therefore sufficient to show that ¢ in-
duces an embedding L*B/Vy; — (C ® B) A (C ® B) with cokernel
(C®C)A(C®C)/(LAC)y. In view of the short exact sequence

0-C®A—~-CQ@B-CQC—0,
the exterior square (C ® B) A (C ® B) has a filtration

(C®B)A(C®B)=Wo 2 W, 2 W,
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where Wy /W, 2 (CQCIA(CQC), W1/W,; 2CQAQCQ®C, and W, is the
canonical image of (C ® A)A(C ® A) in (C ® B) A (C ® B). We claim the ¢

induces isomorphisms
‘/3/V4_)W2’ W/‘lz—_’WI/WZ,
and an embedding
Vo/Vi = Wy /W1

Indeed, for [[vy, u1], [va, u2]} = [v1,u1,v2, uz] — [v1, u1,u2,v2] € L3 we have
([v1,u], [z, ugle = (v} ® u1) A (v ® ug).

Hence ¢ maps V3/V; isomorphically onto (C ® A) A (C ® A). By Lemma 4.4, we
have an isomorphism C @ A ® C ® C — V;/V; given by

c1®a®c2®c3 — [b1,a,by,b3] + V3
where a € 4, b; € B and ¢; = b;8 (i = 1,2,3). But
[61,a,b2,b3]p = (c1 ® a) A (c2 ® b3) = (1 ® a) A (c2 ® c3) mod Ws.

Hence ¢ induces an isomorphism V;/V3 — W, /W,. Finally, we have the com-
mutative diagram
L'C X+ (CRC)A(CRC)
I I(1®ﬂ)/\(1®ﬁ)

L‘B —*+ (C®B)A(CQ®B)
in which the left vertical homomorphism is the canonical projection L*B — L4C
induced by B: B — C. This shows that ¢ induces the embedding v on the top
quotients Vp/V; & L4C and Wy /W = (C®C)A(CQC) of our filtrations of L*B
and (C ® B) A (C ® B), respectively. Hence, ¢ induces an embedding of L*B/V;
into (C ® B) A (C ® B), and the cokernel of ¢ is isomorphic to the cokernel of
4: L*C — (C ® C) A(C ® C). This completes the proof of the lemma. [

COROLLARY 5.3: There is a 4-term exact sequence

0—V, —» L*B - (C®B)A(C®B) — Cokerp — 0.
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6. Homology of fourth Lie powers

In this final section we exploit our discussion of L*B to compute the homology
of G with coefficients in L*JG and L*R,,. By Lemma 2.1(i),(ii), the homology
groups with coefficients in L*R,), and L*IG in positive dimensions as well as the
torsion subgroup of Hy(G, L*R,},) are 2-groups. Hence we can localize at 2 and
work over Z3), the ring of 2-adic integers, instead of Z, as Hx(G, D ® Z(y)) =
Hi(G, D)®Zy) for any G-module D. We use “” to denote localized objects, i.e.
we write B, R.p, IG, ... instead of BQ® Z3), Rab ® Z(y), 1G ® Z(3), ... Suppose
we are given a short exact sequence (3.1) of Z-free G-modules. Then we have the

following exact sequences:

(6.1) 0> LAV - LPARC >0,

(6.2) 0-CRLPA-CQARA®B — Vi/Vs - 0,
(6.3) 0o Voo Vao Va/Vs -0,

(6.4) 0o Vi > I*B -5 (6@ B)A(C ®B) - Cokerg — 0.

The sequence (6.1) comes immediately from Proposition 3.1, (6.2) is the local-
ized version of the sequence in Corollary 4.3, (6.3) is obvious, and (6.4) is the
localized version of the 4-term sequence in Corollary 5.3. The following lemma

might appear rather clumsy. It provides, however, a unified approach towards

H.(G,L*R,) and H.(G, L*IG).

LEMMA 6.1: Suppose we are given an exact sequence (3.1) such that the following
four conditions hold.
(i) B is a free G-module.

(ii) G has no elements of order 2.

(iii) Hi(G,C ® L3A) = 0 for all k > 1, and the homomorphism
Hy(G,C @ L3A) — Ho(G,C ® A® A ® B) induced by the embedding
in (6.2) is injective.

(iv) Hi(G,Coker ¢) is a torsion group for all k > 2.

Then
Hi(G,L*A) = Hy (G, Coker $)
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for all k > 1. If, in addition to (i) - (iv), we have that

(v) Ho(G,V./Vs) is torsion-free,
then

tHo(G, L* A) = Hy(G, Coker @).

Proof: Since B is a free G-module, C @ A® A ® B is a free Z(3)G-module.
In particular, it has trivial homology in all positive dimensions and
Ho(G, CRARA® 1§) is a free Z(;)-module. Now apply the homology func-
tor to (6.2). Then the long exact homology sequence implies, in view of the

freeness of the middle term and condition (iii), that
(6.5) Hi(G,Vy/Vs) =0

for all k > 1. Note also that Ho(G,C ® L34) = Hy(G,L*A ® C) is torsion-
free. Now apply the homology functor to (6.1) and consider the long exact-
homology sequence. Then (iii) and the fact the Ho(G,L*A ® €) is torsion-free
yield isomorphisms

(6.6) Hy(G,L*A) = Hi(G,Vs), k2>1,
(6.7) tHo(G,L*A) = tHo(G,Vh).

Now turn to (6.3) and apply the homology functor. Then the long exact homology
sequence implies, in view of (6.5), that there are isomorphisms

(6.8) Hi(G, V) = Hi(G, Vi), k>1.

Moreover, if Ho(G, Vi / Vg) is torsion-free, that is condition (v) holds, we also have
that

(6.9) tHo(G,Vs) & tHo(G, V3).

Now we turn to (6.4). Since G has no 2-torsion and B is G-free, Lemma 2.1(iv)
implies that L*B and (€ @ B) A (€ ® B) are free Z(3)G-modules. Hence we get
from (6.4) by dimension shifting

(6.10) Hy(G,V3) 2 Hyy3(G,Coker @), k> 1,
and, using condition (iv),

(6.11) tHo(G, Vi) & Hy(G, Coker ).
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Now the assertion of the lemma follows by combining (6.6) with (6.8) and (6.10)
for the case k > 1, and by combining (6.7) with (6.9) and (6.11) for the case
k=0. ]

Now we deduce our result about L4IG.

THEOREM 6.2: Let G be a group without 2-torsion. Then Hy(G,L*IG) = 0 for
allk>1.

Proof: We need to show that Hy(G,L*IG) = 0 for all k > 1. For, we check
that the conditions (i)~(iv) of Lemma 6.1 hold for the augmentation sequence

0-IGSZG—-Z - 0.

This is clear for (i) and (ii), and (iii) holds by Lemma 2.1(ii) as 3-groups vanish
under localization at 2. Moreover, we have Coker¢ = 0 as Coker ¢ = (Z(;) ®
Zy)) A (Z(g) ® Z(z))/(L4Z(2))‘)’ by Lemma 5.2, but Z;3) ® Z(3) = Zg), so its
exterior square is trivial. In particular, condition (iv) holds. Now the theorem
follows by Lemma 6.1. |

We conclude the paper with the proof of our main result, Theorem 6.3, which

is stated in Section 1.

Proof of Theorem 6.3: It is sufficient to examine H,(G, L*R,,). We claim that
conditions (i)-(v) of Lemma 6.1 hold for the relation sequence

0= Ry —-P-1G—0.

This is clear again for (i) and (ii), and (iii) holds by Lemma 2.1(i). By Lemma
5.2 we have a short exact sequence

(6.12) 0 — LIG - (IG® IG) A(IG ® IG) — Coker g — 0.

By Theorem 6.1, Hi(G, L*IG) = 0 for all k > 1. Hence the long exact homology
sequence determined by (6.12) yields isomorphisms

(6.13) Hi(G, Coker ¢) = Hy(G,(IG @ IG) A (IG ® IG)),
for all k > 2. Lemma 2.1(iii) tells us that

(6.14) Hy(G,(IG® IG) A (IG ® IG)) = Hi14(G,Z5)
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for all k¥ > 1. In particular, condition (iv) of Lemma 6.1 is fulfilled. Finally, to
verify condition (v), note that (6.2) implies that

(6.15) Va/Ve 2 IG ® (Rub ® Rap ® P/(L*Rav)P3(1 ® 1 ® ).

Put Q = R, ® Rap ® P/(L*Rap)95(1®1® j2). Then the right hand side of (6.15)
fits into the short exact sequence

(6.16) 0-IGRQ-Z3G8Q - Q—0,
and @ itself fits into the short exact sequence
(6.17) 0— L3R — Ry @ R ® P 5 Q - 0.

In view of Lemma 2.1(i), the long exact homology sequence determined by (6.17)
implies that Hy(G,Q) = 0 for all k > 1. Now the long exact homology sequence
determined by (6.16) yields that Ho(G,IG ® Q) = Hy(G,Vy/Va) is torsion-free
as it is embedded in the free Z(;)-module Ho(G,Z(3)G ® Q) This means we can
apply Lemma 6.1 to the relation sequence. Hence there are isomorphisms

Hi(G,L*Ra) = Hypy3(G,Coker @) (k> 1),
tHo(G, L*Rap,) & Ha(G, Coker §).

Now the theorem follows by combining these with (6.13) and (6.14). |
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